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The parity and Bloch theorems are generalized to the case of broken global symmetry. Local
inversion or translation symmetries are shown to yield invariant currents that characterize wave
propagation. These currents map the wave function from an arbitrary spatial domain to any
symmetry-related domain. Our approach addresses any combination of local symmetries, thus
applying in particular to acoustic, optical and matter waves. Nonvanishing values of the invariant
currents provide a systematic pathway to the breaking of discrete global symmetries.
Introduction.—The use of symmetries in the descrip-
tion of nature constitutes the backbone of physics since
its dawn, owing to their fundamental role in the theoret-
ical treatment of any system. From this point of view,
important phenomenological properties of physical sys-
tems are often explained through a model with global
symmetry. A prominent case are potentials with global
inversion symmetry, leading to eigenstate wave functions
with even or odd parity [1], which we refer to as the
‘parity theorem’, with far reaching consequences for the
system’s response. Another particular case are spatially
periodic potentials used in the description of atomic crys-
tals. The band structure of electronic states is here de-
duced from global translational symmetry on the basis
of Bloch’s theorem [2], which relates their wave ampli-
tudes under translation. The global validity of a sym-
metry is, however, an idealized scenario which does not
apply to many physical systems in reality. Indeed, the
multitude of structures appearing in nature is tightly re-
lated to physical mechanisms breaking the global or local
presence of a symmetry, a process which usually leads to
the emergence of new symmetries, possibly at different
scales. For artificially designed systems, broken global
symmetry may even be dictated by technological con-
straints and functionality. In practice one thus often deals
with extended systems containing domains characterized
locally by a certain symmetry, as is the case, e.g., for
large molecules [3, 4], quasi-crystals [5, 6] self-organized,
pattern-forming systems [7] and even (partially) disor-
dered matter [8]. Despite this widespread situation of
different local symmetries coexisting at different spatial
scales, implied by the breaking of a global symmetry, a
rigorous and functional theoretical treatment of such sys-
tems is missing.
A step in this direction was recently performed by in-
troducing the concept of local parity [9] for the descrip-
tion of systems which can be decomposed into mirror-
symmetric units. It was demonstrated how this local sym-
metry decomposition relates to spectral features such as
perfect transmission resonances in aperiodic setups. The
origin of perfect transmission in such systems had yet
been an unresolved issue, attributed to unknown ‘hid-
den’ [10] or ‘internal’ [11] symmetries. Within the local
parity approach, an unambiguous symmetry-based clas-
sification of scattering states has been established [12],
thereby elucidating the link between perfect transmission
and spatial symmetry. Developed within a generic frame-
work of stationary wave mechanics, this treatment applies
equally to any form of wave transmission as it occurs, e.g.,
in quantum devices [9], classical optics [13, 14] or acoustic
setups [15].
The natural step beyond a classification of scattering
states is to seek the exact way in which the remnants of
a symmetry, which is broken globally, still determine the
structure of a scattered wave. Considering scattering in
one dimension, there are two discrete symmetry transfor-
mations which can be rendered local, inversion through a
given point and translation by a given length. The ques-
tion thus becomes: What form, if any, will the associated
parity and Bloch theorems acquire if global inversion or
translation symmetry is broken?
In the present Letter we answer this question by devel-
oping a theoretical framework for wave scattering in one-
dimensional systems with inversion or translational sym-
metry within arbitrary (finite or infinite, connected or dis-
connected) spatial domains. Employing a generic wave-
mechanical setting, we first derive symmetry-induced,
non-local currents which are spatially invariant within the
domains where the corresponding symmetry is obeyed.
We then demonstrate how these invariants can be used
to explicitly map the solution of the associated wave equa-
tion across any local symmetry domain, in a unified way
for inversion and translation. This mapping is shown to
generalize the parity and Bloch theorems, which are re-
covered in the limit of global symmetry. The form and
the consequences of this generalized mapping are finally
demonstrated for different types of local symmetry (see
Fig. 1). A particular case studied is that of complete lo-
cal symmetry, suggesting a class of structures composed
exclusively of different connected segments, which are lo-
cally symmetric under inversion or translation.
Invariant non-local currents.—In a unified theoretical
framework, one-dimensional stationary scattering of a
complex wave field A(x) in absence of sinks and sources
2FIG. 1. (Color online) Different types of symmetry under
inversion (Π) through α or translation (T ) by L, mapping
a domain D to D: (a) global symmetry, (b) non-gapped lo-
cal symmetry, (c) gapped local symmetry, (d) complete local
symmetry.
is described by the Helmholtz equation
A′′(x) + U(x)A(x) = 0, (1)
where the prime denotes differentiation with respect to
the spatial variable x. Here U(x) = κ2(x) is a real func-
tion generated by an effective wave vector κ(x), which
describes the inhomogeneity of the medium where the
wave propagates. For an electromagnetic wave of fre-
quency ω, U(x) = ω
2n2(x)
c2
is given by the refractive in-
dex n(x) of the medium, and A(x) represents the com-
plex amplitude of the electric field of the wave. For a
matter wave, U(x) = 2m
~2
(E − V (x)) is the scaled ki-
netic energy of a particle with mass m and energy E
which moves in a potential V (x) and is represented by
the quantum wave function A(x). Since we will focus in
general on a scattering setting, we assume that the func-
tion U(x), which we simply refer to as the ‘potential’ in
the following, is overall finite and asymptotically positive,
|U(x)| <∞ ∀ x ∈ R ; limx→±∞ U(x) > 0.
We now consider the spatial symmetry of U(x) under
the two elementary transformations in one dimension, in-
version through a point α and translation by a length L.
To treat both cases within a common framework, let us
define the linear transformation
F : x→ x = F (x) = σx+ ρ, (2)
whose type is determined by the parameters σ and ρ as
follows:
σ = −1, ρ = 2α ⇒ F = Π : inversion through α (3)
σ = +1, ρ = L ⇒ F = T : translation by L (4)
Assume now that the potential U(x) obeys the symmetry
U(x) = U(F (x)) ∀ x ∈ D, (5)
for an arbitrary domain D ⊆ R. If D = R, then the above
symmetry is global, otherwise the symmetry is called lo-
cal. The latter can be of different types (see Fig. 1), to be
discussed below. The transformations F generally map a
domain D to a different one, F (D) = D 6= D, the excep-
tion being inversion of a connected domain through its
center α (as seen in Fig. 1(a) and (b) for F = Π).
The general local symmetry property of the potential
can be exploited to construct locally spatial invariant
quantities from the field A(x), as follows. Evaluating
Eq. (1) at a point x and at its image x = F (x), we con-
struct the difference A(x)A′′(x) − A(x)A′′(x), which in
general is non-zero and varies in x. For a potential U(x),
however, which fulfills the considered symmetry property
in Eq. (5), this expression vanishes for all x ∈ D,
A(x)A′′(x) −A(x)A′′(x) = 2iQ′(x) = 0, (6)
which implies that the complex quantity
Q =
1
2i
[σA(x)A′(x)−A(x)A′(x)] (7)
is spatially invariant (constant in x) within the domain D.
Here A′(x) = dA(x)
dx
|x=x denotes the derivative function
evaluated at x = F (x), so that σ distinguishes between
the Q’s for inversion (F = Π) and translation (F = T ).
The procedure can be repeated using the complex con-
jugate of Eq. (1) evaluated at x to obtain another invari-
ant in the same domain,
Q˜ =
1
2i
[σA∗(x)A′(x)−A(x)A′∗(x)] . (8)
The invariants defined by Eqs. (7) and (8) have the form
of a ‘non-local current’ involving points connected by the
corresponding symmetry transformation. Note that, be-
cause of their constancy in D, Q and Q˜ can be evaluated
from any chosen symmetry-related points x and x in this
domain. The non-local currents within a symmetry do-
main D are related, for each of the two cases F = Π,T
(σ = −1,+1), by
|Q˜|2 − |Q|2 = σJ2, (9)
where J is the usual 1D probability (or energy) current
carried by the matter (or electromagnetic) wave,
J =
1
2i
[A∗(x)A′(x)−A(x)A′∗(x)] , (10)
which is locally defined and globally invariant in one di-
mension for the real potential U(x). The assumptions on
the potential provided above guarantee that we have a
propagating scattering state with J 6= 0.
Generalized parity and Bloch theorems.—We can now
use the invariants Q, Q˜ to obtain a definite relation be-
tween the wave field A(x) and its image A(x) under a
symmetry transformation. As will be seen, this general-
izes the usual parity and Bloch theorems to the case where
global inversion and translation symmetry, respectively,
3is broken. First, let us define an operator OˆF which acts
on A(x) by transforming its argument through F = Π
or T as given in Eqs. (2)-(4), OˆFA(x) = A(x = F (x)).
The image A(x) can then be solved for from the system
of Eqs. (7), (8), which finally yields
OˆFA(x) = A(x) =
1
J
[
Q˜A(x) −QA∗(x)
]
(11)
for all x ∈ D. Equation (11), which remains valid in
any type of domain D for states with J 6= 0, is a central
result of the present work. It explicitly gives the image
A(x) in the target domain D as a linear combination of
A(x) and its complex conjugate in D, with the constant
weights determined exclusively by Q and Q˜ (recall that
J is given from Eq. (9)). In other words, the invariant
non-local currents Q and Q˜, induced by the generic sym-
metry of U(x) in Eq. (5), provide the mapping between
the field amplitudes at points related by this symmetry,
regardless if the symmetry is global or not. This general-
ized transformation of the field can therefore be identified
as a remnant of symmetry in the case when it is globally
broken.
Globally symmetric potentials.—To illustrate the
strength of Eq. (11) in a transparent way, consider the
scenario where OˆF commutes with the Helmholtz opera-
tor Hˆ = d
2
dx2
+U(x), and thus U(x) obeys global symme-
try under F with D = R in Eq. (5), but the (asymptotic)
boundary conditions on the field A(x) prevent it from be-
ing an eigenfunction of OˆF . This is typically the case in a
scattering situation, where incident waves are considered
only on one side of the potential, thus breaking the Π-
symmetry of the problem even if the potential is globally
symmetric. Remarkably, within the present framework
the benefit of an underlying symmetry is retained in the
treatment of the problem: In spite of the asymptotic con-
ditions breaking global symmetry, the quantities Q and
Q˜ are constant in the entire space, relying on the global
symmetry of U(x), and Eq. (11) still provides the map-
ping of the most general wave function under the action
of OˆF .
From Eq. (11) it is now clearly seen that a nonvanishing
Q is a manifestation of broken global symmetry under the
discrete transformation F . This leads us to the recovery
of the usual parity and Bloch theorems for globally Π-
and T -symmetric systems by noting that, when Q = 0,
the field A(x) becomes an eigenfunction of OˆF=Π,T :
OˆFA(x) =
Q˜
J
A(x) ≡ λFA(x). (12)
From Eq. (9) we also have that | Q˜
J
| = 1, so that any
eigenvalue of OˆF is restricted to the unit circle, λF = e
iθF ,
as should be the case for the inversion (OˆΠ) or translation
(OˆT ) operator. Note here that |λΠ | cannot be determined
from Eq. (9) with Q = 0 and σ = −1, but shown below
to be unity. Thus, with global Q = 0, Eq. (11) reduces to
the form of the usual parity or Bloch theorem. Indeed,
let us distinguish here between the two cases Π and T
and inspect them within the present framework of spatial
invariants.
(i) For inversion Π , we immediately get λΠ = ±1 (or
θΠ = 0, pi) from Eq. (12), since necessarily Oˆ
2
Π is the iden-
tity operator. Alternatively, we can evaluate Eq. (12) and
its first derivative at the center of inversion x = α, which
gives A(α) = λΠA(α) and A
′(α) = −λΠA
′(α). Then
λΠ = +1 (with A
′(α) = 0) or −1 (with A(α) = 0), cor-
responding to even and odd eigenfunctions, respectively,
which constitutes the parity theorem. Setting Q = 0 and
σ = −1 in Eq. (9) implies that Q˜ = J = 0, which repre-
sents a special case in which the generalized symmetry-
induced mapping, Eq. (11), obviously collapses. However,
the mapping is still trivially provided by the global par-
ity of the field A(x). Equation (12) is here realized either
for bound states (which are, however, not supported by
the considered potential) with symmetric boundary con-
ditions, or for scattering states with symmetrically incom-
ing waves from both sides of the potential U(x) such that
J = 0. The latter are the zero-current states discussed in
Ref. [9].
(ii) For translation T , Eq. (5) implies global periodicity
of the potential, so that U(x) = U(x + nL) for any n ∈
Z. Defining a different Q˜n for each n, the corresponding
translation through OˆT can be performed equivalently ei-
ther in a single translation by nL or in n successive trans-
lations by L: A(x+ nL) = (Q˜n/J)A(x) = (Q˜1/J)
nA(x).
This yields that the phase of λT in Eq. (12) increases lin-
early in L, arg (Q˜n/J) = n arg (Q˜1/J) = kL, where k is a
constant of inverse length dimension. Bloch’s theorem is
thus recovered by identifying k as the crystal momentum
in an infinitely periodic system. In this limit, the phase
θ
Q˜
of Q˜ becomes the Bloch phase up to multiples of pi,
Q˜ = ±|J |eiθQ˜ = ±|J |eikL, according to the direction of
the current J .
Locally symmetric potentials.—Having treated the case
where global symmetry is broken through asymptotic
conditions, we now turn to the intriguing case where the
potential U(x) itself is globally non-symmetric under the
transformations F = Π,T . Since OˆF does not commute
with Hˆ in this case, one cannot seek stationary eigen-
states in analogy to Eq. (12), unless the action of OˆF
is spatially partitioned, as was done for Π-symmetry in
Ref. [9]. We here choose to analyze the local symmetry
structure of the system in terms of the invariants Q and
Q˜, which explicitly relate the symmetry information to
the scattering wave amplitudes via Eq. (11).
In the extreme case of total F -symmetry breaking,
there is no remnant of symmetry present in U(x), and
therefore also no domain D with constant Q. Although
one can still define spatial functions Q(x), Q˜(x) as in
Eqs. (7), (8), leading to Eq. (11), their non-constancy
brings no advantage to the representation of the scatter-
ing problem. If local symmetry is present in U(x), we
can distinguish the following characteristic cases, which
are sketched in Fig. 1.
4(i) Non-gapped local symmetries: In this case, a sym-
metry domain D either coincides, overlaps, or connects
with its image D = F (D) (that is, D ∪ D is connected).
There can exist one or many such domains of symme-
try along the total potential landscape U(x), in general
with non-symmetric parts in between; see Fig. 1(b). To
each local symmetry domain Di (i = 1, 2, .., N) a pair of
spatially invariant (within Di) non-local currents Qi and
Q˜i is associated, whose different values change with the
energy E (or frequency ω) of the field. Within each do-
main, Eq. (11) spatially maps A(x) to its image under
the corresponding symmetry transformation: For local
Π-symmetry, the field in one half of Di is determined
from the field in the other half through the Qi and Q˜i,
which can be evaluated at the center of inversion αi. For
local T -symmetry, the field within the first interval of
length L in Di successively determines its images along a
locally periodic part of U(x), and the pair of invariants
can be evaluated at the corresponding boundaries.
(ii) Gapped local symmetries: In this case, a do-
main D has no overlap with its symmetry-related im-
age (D ∩ D = ∅). In other words, there is a gap be-
tween them in configuration space, within which U(x)
can obey another or no symmetry; see Fig. 1(c). This
can of course occur if the source domain D is not con-
nected, that is, already has gaps in it. For connected
D, gapped Π-symmetry occurs if the inversion point lies
outside the associated domain (α /∈ D), and gapped T -
symmetry if the translation length L exceeds the size of
D. Interestingly, once Q and Q˜ have been evaluated from
a pair of symmetry-connected points, Eq. (11) maps the
wave function from one part of the potential to a remote
part, although there is an arbitrary field variation in the
intervening gap.
(iii) Complete local symmetry (CLS): An appealing
situation occurs when the potential U(x) can be com-
pletely decomposed into locally symmetric domains, each
one characterized by a remnant of the broken symmetry;
see Fig. 1(d). This can be realized by attached domains
of non-gapped local Π- or T -symmetry, of a single kind
or mixed. Also gapped local symmetries can be part of a
such a structure, with the gaps between their source (Di)
and image (Di) domains all filled in either by non-gapped
local symmetry domains or by the source or image domain
of other gapped symmetries. The latter case can then re-
sult in multiply intertwined symmetry domains, in a way
that makes even the presence of a local symmetry struc-
ture far from evident. The non-local currents Q, Q˜ can
then be utilized as a detection tool for local symmetry:
Calculating them for every pair (x, x¯), using different α
or L, their constancy would reveal underlying symmetry
domains, if present.
Consider, as an example, a locally Π-symmetric po-
tential U(x) =
∑N
i=1 Ui(x) defined on successive non-
overlapping domains Di with centers αi, such that
Ui(2αi − x) = Ui(x) for x ∈ Di and Ui(x) = 0 for x /∈ Di
[9, 12]. As before, Eq. (11) gives the wave function in one
half of each domain from that in the other half through
the local invariantsQi and Q˜i. Our approach here reveals
an interesting relation between global and complete local
Π-symmetry of U(x). In total, both cases map the field
in one half of the entire configuration space to the other
half, though the domains of the source A(x) are topolog-
ically different: a connected domain for global symmetry,
and a disconnected domain for CLS. In addition, the re-
lation of the Qi, Q˜i to the globally invariant current J
provides a constraint between their magnitudes in all dif-
ferent domains,
|Qi+1|
2 − |Q˜i+1|
2
|Qi|2 − |Q˜i|2
= 1, i = 1, 2, ..., N − 1. (13)
The local invariants of all domains can then be combined
to form two overall, piecewise constant functions Qc(x)
and Q˜c(x), which characterize the CLS of the structure at
a given energy (or frequency) of the field. This suggests
a characteristic class of CLS material structures, which
generalize the notion of periodic or aperiodic crystals.
Conclusions.—Considering structures which are locally
symmetric with respect to inversion or translation, we
have shown how a pair of non-local currents, Q and
Q˜, characterize generic wave propagation within arbi-
trary symmetry domains. In particular, these invari-
ant currents comprise the information necessary to map
the wave function from a spatial subdomain to any
symmetry-related subdomain. In this sense our theoreti-
cal framework generalizes the parity and Bloch theorems
from global to local inversion and translation symmetries.
Both invariant currents represent a (local) remnant of the
corresponding global symmetry, and nonvanishing Q is
identified as the key to the breaking of global symmetry.
Although we focus here on one spatial dimension, the
appealing compact form of our results suggest that the
formalism can be extended to two or three dimensions.
Further, due to the general wave mechanical framework
our approach applies equally to quantum or classical wave
scattering and should therefore have a diversity of poten-
tial applications in, e.g., nanoelectronic devices, photonic
crystals or acoustic setups. Structures consisting exclu-
sively of locally symmetric building blocks should here
be of particular interest. Due to the connection of the in-
troduced invariant currents to global symmetry breaking
and to scattering in locally symmetric systems, they are
expected to trigger a deeper understanding–and the find-
ing of novel structures–of wave propagation phenomena
in complex media.
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